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Narrative

Besicovitch and Kakeya

In 1917, Besicovitch constructed a set of Lebesgue measure zero in IR”
that ‘paradoxically’ contains a line segment in every direction answering
the Kakeya needle problem.

The Kakeya conjecture claims that one cannot further compress such a
union of line segments into a ‘smaller’ set.

More precisely, the conjecture is that a measurable set in IR” that contains
a line segment in every direction, must have Hausdorff dimension n.
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Narrative

Fourier extension, square functions and Khintchine's inequality

A classical argument shows that if the Fourier extension conjecture holds,
i.e. functions f € LP (0,—1) have ch,, 1 € LP(R") for p > then the
Kakeya conjecture holds.

This argument uses Khintchine's inequality, which potentially weakens the
extension conjecture that is needed, and leads to an L® (c,_1) to LP (A,)
estimate for a ‘large’ square function
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that is actually equivalent to the Kakeya maximal operator conjecture
(which implies Kakeya).

Such square function estimates are equivalent to ‘average’ extension
estimates by Khintchine's inequality.
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Narrative

Search for smaller square functions

One then searches for smaller square functions Ssmau? whose boundedness
remains equivalent to the operator variant of the Kakeya conjecture, in
hopes that one can establish this boundedness directly.

This leads to the formulation of a probabilistic Fourier extension
conjecture, which averages over certain ‘wavelet’ multipliers by 41, and
when conjugations over unimodular functions are included, turns out to be
equivalent to the Kakeya maximal operator conjecture.

In this talk we establish the simplest case of such a unimodular
probabilistic extension, namely when the unimodular function is 1.
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Narrative

Boundedness of the operator

In order to prove boundedness of an operator T : LP (0,_1) — LP (A,),
there are at least two ways to begin, either by establishing a direct bound

1Tt 1ll o rey S N llio(or, ) -
i.e. a two weight norm inequality for T, or a duality bound

\(Tfa,,fl,gﬂ 5 HfHLp(g,,,l) HgHLp/(]R")'

Traditional methods of attacking the extension conjecture have used direct
bounds and multilinear bounds.
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Narrative

Two weight testing theory

Nazarov, Treil and Volberg used the duality bound approach in their
pivotal theorem for the Hilbert transform T, and wrote f and g in
weighted Haar expansions, which led to a large sum over pairs of dyadic
cubes Y, (T A f,Ayg).

They then arranged these pairs according to scale and position into various
subforms.

We will begin attacking the probabilistic extension conjecture in this way,
but using smooth Alpert ‘wavelet’ decompositions with multiple vanishing
moments in place of the Haar decompositions, resulting in some sort of
analogue of the classical wave packet decompositions.
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Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024 7/ 34



Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements
@ Smooth Alpert wavelets

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024 7/ 34



Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements
@ Smooth Alpert wavelets

o classical Alpert wavelets

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024 7/ 34



Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements
@ Smooth Alpert wavelets

o classical Alpert wavelets
@ smoothing the Alpert wavelets

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024



Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements
@ Smooth Alpert wavelets

o classical Alpert wavelets
@ smoothing the Alpert wavelets

@ Fourier extension conjecture

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024 7/ 34



Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements
@ Smooth Alpert wavelets

o classical Alpert wavelets
@ smoothing the Alpert wavelets

@ Fourier extension conjecture

@ involutive smooth Alpert multipliers

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024 7/ 34



Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements
@ Smooth Alpert wavelets

o classical Alpert wavelets
@ smoothing the Alpert wavelets

@ Fourier extension conjecture

@ involutive smooth Alpert multipliers
@ probabilistic Fourier extension conjecture

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024



Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements
@ Smooth Alpert wavelets

o classical Alpert wavelets
@ smoothing the Alpert wavelets

@ Fourier extension conjecture

@ involutive smooth Alpert multipliers
@ probabilistic Fourier extension conjecture

© Kakeya conjecture

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024



Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements
@ Smooth Alpert wavelets

o classical Alpert wavelets
@ smoothing the Alpert wavelets

@ Fourier extension conjecture

@ involutive smooth Alpert multipliers
@ probabilistic Fourier extension conjecture

© Kakeya conjecture

o Kakeya maximal operator conjecture

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024



Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements
@ Smooth Alpert wavelets

o classical Alpert wavelets
@ smoothing the Alpert wavelets

@ Fourier extension conjecture

@ involutive smooth Alpert multipliers
@ probabilistic Fourier extension conjecture

© Kakeya conjecture

o Kakeya maximal operator conjecture
e unimodular probabilistic Fourier extension is equivalent to Kakeya
maximal conjecture

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024



Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements
@ Smooth Alpert wavelets

o classical Alpert wavelets
@ smoothing the Alpert wavelets

@ Fourier extension conjecture

@ involutive smooth Alpert multipliers
@ probabilistic Fourier extension conjecture

© Kakeya conjecture

o Kakeya maximal operator conjecture
e unimodular probabilistic Fourier extension is equivalent to Kakeya
maximal conjecture

@ Discussion of proofs

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024



Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements
@ Smooth Alpert wavelets

o classical Alpert wavelets
@ smoothing the Alpert wavelets

@ Fourier extension conjecture

@ involutive smooth Alpert multipliers
@ probabilistic Fourier extension conjecture

© Kakeya conjecture

o Kakeya maximal operator conjecture
e unimodular probabilistic Fourier extension is equivalent to Kakeya
maximal conjecture

@ Discussion of proofs
@® The smooth Alpert theorem proof

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024



Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements
@ Smooth Alpert wavelets

o classical Alpert wavelets
@ smoothing the Alpert wavelets

@ Fourier extension conjecture

@ involutive smooth Alpert multipliers
@ probabilistic Fourier extension conjecture

© Kakeya conjecture
o Kakeya maximal operator conjecture
e unimodular probabilistic Fourier extension is equivalent to Kakeya
maximal conjecture

@ Discussion of proofs

@ The smooth Alpert theorem proof
@ The Kakeya maximal operator implication

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024



Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements
@ Smooth Alpert wavelets

o classical Alpert wavelets
@ smoothing the Alpert wavelets

@ Fourier extension conjecture

@ involutive smooth Alpert multipliers

@ probabilistic Fourier extension conjecture
© Kakeya conjecture

o Kakeya maximal operator conjecture
e unimodular probabilistic Fourier extension is equivalent to Kakeya
maximal conjecture

@ Discussion of proofs

@ The smooth Alpert theorem proof
@ The Kakeya maximal operator implication
@ The probabilistic Fourier extension proof

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024



Overview of probabilistic Fourier extension and Kakeya

@ Definitions and statements
@ Smooth Alpert wavelets

o classical Alpert wavelets
@ smoothing the Alpert wavelets

@ Fourier extension conjecture

@ involutive smooth Alpert multipliers
@ probabilistic Fourier extension conjecture

© Kakeya conjecture
o Kakeya maximal operator conjecture
e unimodular probabilistic Fourier extension is equivalent to Kakeya
maximal conjecture

@ Discussion of proofs

@ The smooth Alpert theorem proof
@ The Kakeya maximal operator implication
@ The probabilistic Fourier extension proof

© Open questions

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024



Definitions and statements
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Classical Alpert wavelets

@ Denote by Lé;K the finite dimensional subspace of L? defined by:

LQQ;K = {f = Z 1oporx (x) : / f(x)x‘dx =0, for0</{<x-
Q'ee(Q) Q

where pgry (X) = Laezn:|aj<x—1 3QaX" is a polynomial in R" of
degree |a| = a1 + ... + &, at most x — 1.
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Classical Alpert wavelets

@ Denote by Lé;x the finite dimensional subspace of L? defined by:

LQK_{f: Z 1opgrx ( )'/f(x)x,-édx:O, for0 < ¢ <x-
Q’GQ:) Q

where pgrx (X) = Lueczn:ja<x-1 3Q;ax" is @ polynomial in R" of
degree |a| = a1 + ... + &, at most x — 1.

o Let {h%;K}QEFNYK be an orthonormal basis for L%\);K and let Ag.
denote orthogonal projection onto the finite dimensional subspace

L2 .
Nouf =Y (fhd,)hg., e

acly
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Smooth Alpert wavelets

convolution

@ Given a small positive constant 17 > 0, define a smooth approximate
identity by ¢, (x)=n""¢ (%) where ¢ € CZ° (Bgr» (0,1)) has unit
integral, [, ¢ (x) dx =1, and vanishing moments of positive order
less than «, i.e.

' 1 if vl =0
/¢(X)x7dxzf507:{0 ;f 0|<M<;<' (1)
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Smooth Alpert wavelets

convolution

@ Given a small positive constant 17 > 0, define a smooth approximate
identity by ¢, (x)=n""¢ (%) where ¢ € CZ (Bgrn (0,1)) has unit

integral, [, ¢ (x) dx =1, and vanishing moments of positive order
less than x, i.e.

1 if |vy| =0
v = 0 e
J9Goxax=af, {o if o<|y<x D
@ In the spirit of symbol smoothing, we define smooth Alpert ‘wavelets’
by

an _ ,a
hQ;K = hQ;K X CPI’]((Q)
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Smooth Alpert wavelets

convolution

@ Given a small positive constant 17 > 0, define a smooth approximate
identity by ¢, (x)=n""¢ (%) where ¢ € CZ (Bgrn (0,1)) has unit

integral, [, ¢ (x) dx =1, and vanishing moments of positive order
less than x, i.e.

1 if |vy| =0
Y
/¢ x) xTdx = 8], = {o if 0<|yl<x (1)

@ In the spirit of symbol smoothing, we define smooth Alpert ‘wavelets’

by

a,17 _ ja

e Then hj. and h 7 coincide away from the n-neighbourhood (often

referred to as a halo )

Hy (Q) = {x € R" : dist(x, Sq) <1}, (2)
of the skeleton Sq = Ugree, (@) 0Q’, where they are polynomials.
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Smooth Alpert wavelets

A smooth compactly supported frame of wavelets for L~ p

Theorem

Let n,x € IN and 1 > 0 be sufficiently small depending on n and k. Then
there are a bounded invertible linear map Sy, : LP — LP (1 < p < o0)
satisfying

I =Skl 1o < Copl (3)
and ‘wavelets' {hf. }, ) . and {h,a;]j}lep . (with T, a finite index

set depending only on x and n), and corresponding pseudoprojections
{Dixhiep and {Al, ) defined by
! (S

Al;xf = Z <f, h?;;c> h?;x and A7;1<f = Z <(5KJ])71 f, hf;K> h‘la;’:c7 L

acl, acl,

satisfying:
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Smooth Alpert wavelets

Properties of wavelets |

@ the standard properties,

Il = |, =1 4
Supp hj,, C I and Supphy! C (1+7)1,
1 \" 1
AV < Cp <> S for all m > 0,
H I oo ne (1) 7]
/hf;,( (x) xdx = /h,a;jj (x)x%dx =0, forall 0 < |a| < x.
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Smooth Alpert wavelets

Properties of wavelets |

@ the standard properties,

LA L
Supp h,. C Iand Supph C (1+7)],

1 mo
a1 < - _ >
x|, S Cn (178(/)) ]/! for all m > 0,

/h,a;,( (x) x%dx = /h;”;g (xX)x*dx =0, forall 0 < |a] < «.

=1 ®)

HV’”h

@ and for each a € I';, the wavelets hj., and hlag are translations and

L2-dilations of the unit wavelets h?po-x and hgg.,( respectively, where
Qo = [0,1)" is the unit cube in R”,

1o, e
|12 hi, = |Q0‘2h001<o§0/ and |/|2 '7_|QO‘2thK 9. ()

where ¢, : | — @ is the affine map taking / one-to-one and onto @,
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Smooth Alpert wavelets

Properties of wavelets Il

@ and for all 1 < p < o0,

f= Y 2 f= Y AU forfelPnl?
€D, acl, 1€D, acl, ’

:
( y mf\?)
€D, acT,

for f € LP N L2,

1

5\ 2
( ) !Ai',’ff\)
1€D, ael,

Q
Q

LP(u) LP(p)
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Smooth Alpert wavelets

Properties of wavelets Il

@ and for all 1 < p < oo,

f= Y AL f= Y AUIf, forfelPnl?
I€D, a€T, I€D, ael,
1

} N
(LE 1ot} =) £ o)
1€D, acl, Lp 1€D, a€l,

(m)

Q

for f € LP N L2,
@ and forall I € D,

o (X) = hgh (x), forx e R"\'H, (@),

where H,;; (@) is the 7-halo of the skeleton of Q.
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Smooth Alpert wavelets

Properties of wavelets 1l

@ and finally, the unsmoothed operators A\, are self-adjoint orthogonal
projections,
D i =4
AI;KAJ;K - { 0 if / ;A J (7)
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Smooth Alpert wavelets

Properties of wavelets 1l

@ and finally, the unsmoothed operators A\, are self-adjoint orthogonal
projections,
D i =4
AI;KAJ;K - { 0 if / ;é J (7)

@ The smoothed operators A7_K are neither self-adjoint, projections nor
orthogonal, but come close.
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Smooth Alpert wavelets

Properties of wavelets 1l

@ and finally, the unsmoothed operators A\, are self-adjoint orthogonal
projections,
D i =4
AI;KAJ;K - { 0 if / ;é J (7)

@ The smoothed operators A;],K are neither self-adjoint, projections nor
orthogonal, but come close.

@ This theorem shows that the collection of ‘almost’ L? projections

l;x

{Aﬁ'a}I - is a ‘frame’ for the Banach space LP, 1 < p < oo.
€D, acl,
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Fourier extension conjecture

definition

@ The Fourier extension conjecture is

</1R S @)qd(‘?)é = (/5 (1P doy (x)>”,
(8)

for all appropriate pairs 1 < p g < oo, where 0,_1 is surface measure
on the sphere $" 1, and F(u fan i édy (x) denotes the
Fourier transform of the measure yu.
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Fourier extension conjecture

definition

@ The Fourier extension conjecture is

P

(/m |F (Fon_1) (& )I"dc) <C (/S £ (x)|P dopy (x))l ,
(8)

for all appropriate pairs 1 < p g < oo, where 0,_1 is surface measure
on the sphere $"~1, and F (i) = [, e *%dj (x) denotes the
Fourier transform of the measure .

@ The following special case is essentially equivalent:

[ F (o) @Pde<C [ IF (P doni(), p>2+
RR" n
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Fourier extension conjecture

progress rectangle

0,1) x x x x x x € x x x x x x x (L3
X X X X X X X X X X X X X X x X
X X X X X A X X X X x X X X X X
B X X X X X X X X

X X X X X X

X X X X

X X

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024 16 / 34



Contributions

o Let p,

q
q

>

>

— 2n __ 2
= n—1 _2+n—1'

2n
ont

p,, forn=2 (Fefferman 1970; Carleson, Sjélin 1972; Zygmund

: (Stein 1967),

2
Pt (Stein, Tomas 1975), q > p, + o (Bour
n— n—
4n+8 4n+8
2+ ———— (Wolff 1995 >24+ ——— (M
+n2+n—1( © ) az +n2—|—n—1' (Moyua,
2
Pn‘i‘m (Tao 2003);
2—|—4n_3|fn50;2+n_1|fn51;2—|—2n_1|fn52(

(Bourgain, Guth 2018) .

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024 17 / 34



Contributions

o Letp, = n2_”1 =2+ nzl.
2n
n—1
qg > p, for n=2 (Fefferman 1970; Carleson, Sjslin 1972; Zygmund

q > p,+

(Stein 1967),

2 2
qg > p,+ 1 (Stein, Tomas 1975), q > p,+ —— —&, (Bour
n—

n—1
4n+ 8 4n+8
2+ ——— (Wolff 1 >24+———+-— (M
qg > +n2—|—n—1< olff 1995), ¢ > +n2—|-n—1' (Moyua,
2
g > ppt——7 (Tao 2003),
qg > 2+4n_3|fn50;2+n_1|fn51;2+2n_1|fn52(

(Bourgain, Guth 2018) .

o Additional names: C. Demeter, J. Hickman, K. M. Rogers, C.
Muscaru, I. Oliveira, J. Bennett, T. Carbery, A. losevich, R. Zhang, I.
Laba, H. Wang who has the best result to date in“IR3, p > 3+ .
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Fourier extension conjecture

Parameterization of the sphere

o Let @ (x) = (x, \/1-— x]2> € 5”1 be the standard parametization

of the northern hemisphere of "1, Let S be a cube of side length 1
centered at the origin in R"~! and define

Tsf(@) = [ e (x)dx,  EER”

so that Tsf = F®, (fA,_1) where ®.v denotes the pushforward of
a measure v under the map ®.
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Fourier extension conjecture

Parameterization of the sphere

o Let ®(x) = (x, \/1-— \x]2> € 5"~! be the standard parametization

of the northern hemisphere of "1, Let S be a cube of side length 1
centered at the origin in IR"~! and define

Tsf (€) = /S e P (x)dx, EER"
so that Tsf = F®, (fA,_1) where ®.v denotes the pushforward of
a measure v under the map ®.
@ Then the Fourier extension problem is equivalent to boundedness of
Ts,
ITsllagr,y < CIFllecs) -
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Fourier extension conjecture

involutive smooth Alpert mulitpliers

o Let{A/},cp. ;s be the family of Alpert projections
Apx = Yaer, (f. hi.o) hi. on [?(S) as in Theorem 1.
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Fourier extension conjecture

involutive smooth Alpert mulitpliers

o Let{A/x},cp. ;s be the family of Alpert projections
Apx = Yaer, (f. hi.o) hi. on [?(S) as in Theorem 1.
o Fora={a},.p € {1, —1}" and f € LP(S), define the involutive
Alpert multiplier A, by
A.f = Z a Aili;x f,
1€D
which is ) ;cp £ A'];K f for a choice of £ determined by a.
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Fourier extension conjecture

involutive smooth Alpert mulitpliers

o Let{A/x},cp. ;s be the family of Alpert projections
Apx = Yaer, (f. hi.o) hi. on [?(S) as in Theorem 1.
e Fora={a},.p € {1, —1}P and f € LP (S), define the involutive
Alpert multiplier A, by
A.f = Z a A’];K f,

1eD

which is )} jcp £ A’];K f for a choice of & determined by a.
@ Let 5, be the bounded invertible linear map on L given in Theorem
1, that takes Alpert wavelets hj. to their smooth counterparts

an _
h/;K - hla;K * (P17€(I)'
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Fourier extension conjecture

involutive smooth Alpert mulitpliers

o Let{A/x},cp. ;s be the family of Alpert projections
Apx = Yaer, (f. hi.o) hi. on [?(S) as in Theorem 1.
e Fora={a},.p € {1, —1}P and f € LP (S), define the involutive
Alpert multiplier A, by
A.f = Z a A’];K f,

1eD

which is )} jcp £ A’];K f for a choice of & determined by a.
o Let S5, be the bounded invertible linear map on L given in Theorem
1, that takes Alpert wavelets hj. to their smooth counterparts

an _
h/;K - h;?;x * ¢q£(l)'
e Fora={a/},c5 €1l fl}g and f € LP (S), define the involutive
smooth Alpert multiplier A3*" by conjugation with the bounded

invertible map S, i.e.

A F =S, ALSTLE
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Fourier extension conjecture

probabilistic version

@ Then we identify 29 and {1, _1}g and equip 29 with the probability
measure p that satisfies,
|E]

yr(E)Ey({E|EC2r}) = E c 2" with T C G finite.
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Fourier extension conjecture

probabilistic version

o Then we identify 29 and {1, _1}g and equip 29 with the probability
measure p that satisfies,

E

yr(E)Ey({E| EC2F}> :||r||' E c 2T with T C G finite.

o We define the expectation operator E}; by E/GF = [,; F (a) dy (a)
for F a nonnegative function on 29.
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Fourier extension conjecture

probabilistic version

o Then we identify 29 and {1, _1}g and equip 29 with the probability
measure p that satisfies,

E
yr(E)Ey({E| EC2F}> :||r||' E c 2T with T C G finite.
o We define the expectation operator IE}; by E};F = [,s F (a) du (a)
for F a nonnegative function on 29.
@ The probabilistic extension problem is the inequality,

du(a) < Cllflps)

u
Ea ’Lq(/\ )
(9)

} T ASf

’ T ASf

’Lq(/\n) - 2.9 }

which asks, roughly speaking, if the extension inequality (8) holds
when averaged over all involutive smooth Alpert multipliers.
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Fourier extension conjecture

probabilistic version

o Then we identify 29 and {1, _1}g and equip 29 with the probability
measure p that satisfies,
E
yr(E)Ey({E| EC2F}> :||r||' E c 2T with T C G finite.
o We define the expectation operator IE}; by E};F = [,s F (a) du (a)

for F a nonnegative function on 29.
@ The probabilistic extension problem is the inequality,

Sk,
o= o [Ts AR (@) < CFlngs

(9)
which asks, roughly speaking, if the extension inequality (8) holds
when averaged over all involutive smooth Alpert multipliers.

@ The probabilistic analogue (9) fails for the same pairs (p, q) that (8)
is currently known to fail for.

Eb; || TsAaf| |

‘ La(An)
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Probabilistic Fourier extension theorem

@ Our probabilistic analogue of the Fourier extension conjecture is,

H
El;

5;\‘,; . . 2n
TSAa ]fHLP(/\n) g HfHLP(S) , If and Only If m < p S o0,
(10)

Theorem (Probabilistic extension conjecture)

The probabilistic Fourier extension inequality (10) holds in all dimensions
n>2.

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024 21 /34



Probabilistic Fourier extension theorem

@ Our probabilistic analogue of the Fourier extension conjecture is,

E!, H Te A

2
)SJ [#1lio(sy »  if and only ifrnl<p§oo.
(10)

.

Theorem (Probabilistic extension conjecture)

The probabilistic Fourier extension inequality (10) holds in all dimensions
n>2.

@ Conjecture: For all unimodular ¥ on S, there holds the unimodular
probabilistic Fourier extension inequality uniformly in conjugations

A;PSK,U — ¥5, ,Aa (11;5”7)*1 of Alpert multipliers Aj,

u S, < .. 2n
El; || TsAa fHLp(m Sl - <p<oo
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Kakeya conjecture

Hausdorff and Minkowski dimension

e If SCIR" and d € [0, %), define

HE(S) = mf{Zdlam Ak SCUB and diam ( ,-)<5},

i=1

where the infimum is taken over all countable covers {B;}-; of S by
balls B;. Define the outer measure H (S) = lims_o H (S).
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Kakeya conjecture

Hausdorff and Minkowski dimension

e If SCIR" and d € [0, %), define

HE(S) = mf{Zdlam Ak SCUB and diam ( ,-)<5},

i=1

where the infimum is taken over all countable covers {B;}-; of S by
balls B;. Define the outer measure H (S) = lims_o HY (S5).
@ Define the Hausdorff dimension of S by

dimy (S) = inf{d >0: HY(S) :o}.
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Kakeya conjecture

Hausdorff and Minkowski dimension

e If SCIR" and d € [0, %), define

HE(S) = mf{Zdlam Ak SCUB and diam ( ,-)<5},

i=1

where the infimum is taken over all countable covers {B;}-; of S by
balls B;. Define the outer measure H (S) = lims_o HY (S5).
@ Define the Hausdorff dimension of S by

dimyy (S) = inf {d > 0: H? (5) = 0}

@ The upper and lower Minkowski dimensions of S are defined by

InN(S,d InN(S,d
lim sup n>.0) (f ) and lim fin (? )

respectively where N (S, ) is the minimal number of sets of diameter
at most § needed to cover S.
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Kakeya conjecture

Kakeya maximal operator

@ The Kakeya conjecture is that every measurable subset E of IR”, that
contains a unit line segment in every direction, has Hausdorff
dimension n. A slightly weaker conjecture is that such a set has
Minkowski dimension n.
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Kakeya conjecture

Kakeya maximal operator

@ The Kakeya conjecture is that every measurable subset E of R”, that
contains a unit line segment in every direction, has Hausdorff
dimension n. A slightly weaker conjecture is that such a set has
Minkowski dimension n.

@ A stronger conjecture is the Kakeya maximal operator conjecture,
which is described next.
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Kakeya conjecture

Kakeya maximal operator

@ The Kakeya conjecture is that every measurable subset E of R”, that
contains a unit line segment in every direction, has Hausdorff
dimension n. A slightly weaker conjecture is that such a set has
Minkowski dimension n.

@ A stronger conjecture is the Kakeya maximal operator conjecture,
which is described next.

@ Ford >0, weS" and acR" let T§" (a) denote the tube in R”,
centered at a and oriented in the direction of w, and which has length
1 in that direction and cross-sectional radius § > 0. For

f € L} .(R"), define the Kakeya maximal operator by
i (w) = sup /
acR" } 2
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Kakeya conjecture

Kakeya maximal operator

@ The Kakeya conjecture is that every measurable subset E of R”, that
contains a unit line segment in every direction, has Hausdorff
dimension n. A slightly weaker conjecture is that such a set has
Minkowski dimension n.

@ A stronger conjecture is the Kakeya maximal operator conjecture,
which is described next.

@ Ford >0, weS"!and acR" let T§" (a) denote the tube in R”,
centered at a and oriented in the direction of w, and which has length
1 in that direction and cross-sectional radius § > 0. For
f € L} _(IR"), define the Kakeya maximal operator by

loc
F (@ =sp o [ el
aerr [T (a)] JTe(a)
@ Let n < p < oco. Then the Kakeya maximal operator conjecture is,

||'[<5*||Lp(an71) < Cenpd™* HfHLP(IR") . foralld,e>0.
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Equivalence of conjectures

@ The Kakeya maximal operator conjecture,
15 ooy 1) < Cenpd N fllpray,  forall 6,e >0,

where £ (W) = sup,ern 7@ | w(a) |f|, is equivalent to the
unimodular probabilistic extension conjecture,

2n
n—1

H
Eq

¥S,, - :
TsAq f”wm Slfllps) i < p < oo,
where S, , A, (SK,ﬁ)fl is a random smooth Alpert multiplier, and

A;FSK,W — ¥S, ;A (‘I’SW)*1 is a conjugation by a unimodular
function ¥ on S.
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Equivalence of conjectures

o The Kakeya maximal operator conjecture,
Hf&*HLP(an_l) < CGenpd HfHLP(IR") . foralld,e>0,

where £ (W) = sup,cRn m ng,(a) |f|, is equivalent to the

unimodular probabilistic extension conjecture,

El H Ts AL f

2n
< ]
LA, ™ 1Fllpsy i -1 <P < oo,

where SK,,].Aa (5,{,,7)_1 is a random smooth Alpert multiplier, and
- ¥ Sy Aa (‘I’SK,U)_1 is a conjugation by a unimodular

function ¥ on S.

@ The implication "unimodular probabilistic" implies "Kakeya maximal"
follows upon appealing to the large square function Siaree Tsf, whose
L*® — LP boundedness, p > % is equivalent to "Kakeya maximal"
by classical arguments dating back to Bourgain.
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Kakeya maximal operator implication

Theorem (Kakeya maximal operator implication)

Let n < p < oo. If the probabilistic Fourier extension inequality holds
uniformly over conjugations A;PSK’" of Alpert multipliers for all unimodular

functions ¥, then the Kakeya maximal operator f; (w) satisfies

|’%*‘|Lp((7n—1) S CE,n,p5_£ HfHLp(]Rn) 1 fOf a” 5,8 > O

Theorem (Kakeya conjecture)

Suppose the Kakeya maximal operator bound above holds. Then the
Kakeya conjecture holds: any measurable subset of R", n > 1, that
contains a unit line segment in every direction, has Hausdorff dimension n.

o Keleti and Mathé extended this to dimension p < n— 1.
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Kakeya maximal operator implication

Theorem (Kakeya maximal operator implication)

Let n < p < oo. If the probabilistic Fourier extension inequality holds
uniformly over conjugations A;PSK’" of Alpert multipliers for all unimodular

functions ¥, then the Kakeya maximal operator f; (w) satisfies

|’%*‘|Lp((7n—1) S CE,n,p5_£ HfHLp(]Rn) 1 fOf a” 5,8 > O

Theorem (Kakeya conjecture)

Suppose the Kakeya maximal operator bound above holds. Then the
Kakeya conjecture holds: any measurable subset of R", n > 1, that
contains a unit line segment in every direction, has Hausdorff dimension n.

o Keleti and Mathé extended this to dimension p < n— 1.
@ | am indebted to Hong Wang and Ruixiang Zhang for pointing out
serious gaps in earlier versions of this paper.
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Discussion of proofs
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Proof of the Kakeya maximal implication

@ We show that the unimodular probabilistic extension conjecture
implies the dual form of the Kakeya maximal operator conjecture,
which is this:
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Proof of the Kakeya maximal implication

@ We show that the unimodular probabilistic extension conjecture
implies the dual form of the Kakeya maximal operator conjecture,
which is this:

@ Let1 < p< 5,6 >0,and let T be any collection of tubes of

length 1 and cross sectional radius 6 > 0 whose orientations are
O-separated. Then

2 17

TeT

< Coped® S (#T)p,  forall 6,e> 0,

LP

which is essentially a restricted weak type inequality for a
discretization.
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Proof of the Kakeya maximal implication

@ We show that the unimodular probabilistic extension conjecture
implies the dual form of the Kakeya maximal operator conjecture,
which is this:

o Let 1 <p< -5, 6>0,and let T be any collection of tubes of
length 1 and cross-sectional radius § > 0 whose orientations are
J-separated. Then

2 17

TeT

< Coped® E(#T)r,  forall6,e >0,
LP

which is essentially a restricted weak type inequality for a
discretization.

@ A nondegeneracy inequality is needed to show that the Fourier
transform of a smooth Alpert wavelet CD*h’/;K on the surface of the
sphere behaves, on the associated uncertainty tube T, like that of a
Jd-cap on the sphere, where § = £ (/).

E. Sawyer (McMaster University) Probabilistic extension and Kakeya June 3-7, 2024 27 /



Proof of the probabilistic Fourier extension theorem

Expansion into smooth Alpert wavelets

o We write

(Tsf.g)= ), <75An1'7fAJKg>
(1,J)eGxD

and break up the pairs (/,J) € G x D into various forms.
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Proof of the probabilistic Fourier extension theorem

Expansion into smooth Alpert wavelets

o We write

(Tsf.g)= Y <T5N1’7f,Ajzg>,
(1,J)EGXD

and break up the pairs (/, J) € G x D into various forms.

o If there is sufficient oscillation in either | or J in the inner product, we
can integrate by parts against the smooth Alpert wavelet, or use
stationary phase, while if there is sufficient smoothness in either | or
J, we can exploit the high order moment vanishing of the smooth
Alpert wavelets. In all such cases there is sufficient geometric decay
in the off-diagonal inner products to add up.
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Proof of the probabilistic Fourier extension theorem

Expansion into smooth Alpert wavelets

o We write

(Tstg)= Y, (TsAjMf.000),
(1,J)EGXD

and break up the pairs (/,J) € G x D into various forms.

o If there is sufficient oscillation in either | or J in the inner product, we
can integrate by parts against the smooth Alpert wavelet, or use
stationary phase, while if there is sufficient smoothness in either | or
J, we can exploit the high order moment vanishing of the smooth
Alpert wavelets. In all such cases there is sufficient geometric decay
in the off-diagonal inner products to add up.

@ What remains are the resonant inner products where neither
oscillation nor smoothness is sufficiently present.
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Narrative

The resonance problem

When the inner products <A,/f(;_1, Ajg> are resonant, both sides of the

duality experience exponentials whose wavelengths are roughly the side
length of the cube, and neither integration by parts, moment vanishing nor
stationary phase are of much use.

To circumvent this problem, we apply Holder's inequality and turn instead
to the direct method of establishing”fa,,_lH 5 11l o (e, ) For

p> = 1, but where f is now a relatively S|mple smooth Alpert ‘projection’

at a single scale. Then we interpolate between L2 and L* estimates for
these simple ‘projections’.
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Narrative

The probabilistic fix

Unfortunately, at each scale the L? bound is large and the L* bound is not
small, yielding no geometric decay in scales to sum.

However, if one averages over involutive smooth multipliers, then the L4
bound collapses, due to cancellation in a substantial proportion of the off
diagonal terms, and results in a geometric decay that is exactly what is
needed to obtain boundedness of the averaged extension operator when
p> 2.

n
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Proof of the probabilistic Fourier extension theorem

Dealing with resonant subforms

Let n > 2. Assume that

2

| oz S 2% |l ). (11)

L2(|gm|?An)
1
7

H —-m
(2 [ lgirgny)” 5 2 Wi
Ifp> = 1, then there is €, , > 0 such that

1

(B% 1 75Qb 2 15 ) S 2775 [ i,

holds for every m € IN with implied constant independent of m. Without
the expectation, the L* bound is just a constant with no decay.
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Proof of the smooth Alpert wavelet theorem

@ For the purposes of this proof we change notation by defining

A7;1(’r = Z <f i, > = (Ayuf )*‘Pq/}(l)

acl,

Next we show that the linear map Sy ; defined by

Sepf = Y, (FH R =Y Al f, fell, (12

1€D, ael, 1€D

is bounded and invertible on LP,
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Proof of the smooth Alpert wavelet theorem

@ For the purposes of this proof we change notation by defining

A1I1;Kf-_ Z <f h > (A/K )*‘P;ﬂ(l)

acl’,

Next we show that the linear map Sy, defined by

Sepf = Y, (FHOR=Y Al Ff, fell, (12

1€D, ael, 1€D

is bounded and invertible on LP,

@ and that we have the reproducing formula,

f(x)zSK,U(S,?W)_lf(x): y <(SE,7>_1f,h7;K> B (x),

1€D, acl’y,

with convergence in the LP norm and almost everywhere.
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Open questions
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Open questions

The Fourier extension and Kakeya conjectures have been open for decades.
Some probabilistic questions:

@ Does the unimodular probabilistic Fourier extension conjecture hold?
If so then the Kakeya conjecture would also hold.
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Open questions

The Fourier extension and Kakeya conjectures have been open for decades.
Some probabilistic questions:

@ Does the unimodular probabilistic Fourier extension conjecture hold?
If so then the Kakeya conjecture would also hold.

@ A probabilistic analogue of the Bochner-Riesz conjecture or even the
stronger local smoothing conjecture. In the context of the
(nonprobabilistic) extension conjecture, see Sogge for a proof that
local smoothing implies Bochner-Riesz, and Tao for a proof that
Bochner-Riesz implies Fourier restriction,
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Open questions

The Fourier extension and Kakeya conjectures have been open for decades.
Some probabilistic questions:

@ Does the unimodular probabilistic Fourier extension conjecture hold?
If so then the Kakeya conjecture would also hold.

@ A probabilistic analogue of the Bochner-Riesz conjecture or even the
stronger local smoothing conjecture. In the context of the
(nonprobabilistic) extension conjecture, see Sogge for a proof that
local smoothing implies Bochner-Riesz, and Tao for a proof that
Bochner-Riesz implies Fourier restriction,

© Replacing the sphere with any smooth surface of nonvanishing
Gaussian curvature, and possibly with appropriate smooth surfaces of
finite type (and with altered indices p),
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@ Does the unimodular probabilistic Fourier extension conjecture hold?
If so then the Kakeya conjecture would also hold.

@ A probabilistic analogue of the Bochner-Riesz conjecture or even the
stronger local smoothing conjecture. In the context of the
(nonprobabilistic) extension conjecture, see Sogge for a proof that
local smoothing implies Bochner-Riesz, and Tao for a proof that
Bochner-Riesz implies Fourier restriction,

© Replacing the sphere with any smooth surface of nonvanishing
Gaussian curvature, and possibly with appropriate smooth surfaces of
finite type (and with altered indices p),

@ Multilinear probabilistic variants of the extension conjecture,
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Open questions

The Fourier extension and Kakeya conjectures have been open for decades.
Some probabilistic questions:

@ Does the unimodular probabilistic Fourier extension conjecture hold?
If so then the Kakeya conjecture would also hold.

@ A probabilistic analogue of the Bochner-Riesz conjecture or even the
stronger local smoothing conjecture. In the context of the
(nonprobabilistic) extension conjecture, see Sogge for a proof that
local smoothing implies Bochner-Riesz, and Tao for a proof that
Bochner-Riesz implies Fourier restriction,

© Replacing the sphere with any smooth surface of nonvanishing

Gaussian curvature, and possibly with appropriate smooth surfaces of

finite type (and with altered indices p),

Multilinear probabilistic variants of the extension conjecture,

and finally to boundedness of the maximal spherical partial sum

operator in a probabilistic sense.

©0
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Open questions

The Fourier extension and Kakeya conjectures have been open for decades.
Some probabilistic questions:

@ Does the unimodular probabilistic Fourier extension conjecture hold?
If so then the Kakeya conjecture would also hold.

@ A probabilistic analogue of the Bochner-Riesz conjecture or even the
stronger local smoothing conjecture. In the context of the
(nonprobabilistic) extension conjecture, see Sogge for a proof that
local smoothing implies Bochner-Riesz, and Tao for a proof that
Bochner-Riesz implies Fourier restriction,

© Replacing the sphere with any smooth surface of nonvanishing
Gaussian curvature, and possibly with appropriate smooth surfaces of
finite type (and with altered indices p),

@ Multilinear probabilistic variants of the extension conjecture,

© and finally to boundedness of the maximal spherical partial sum
operator in a probabilistic sense.

O Thanks to the organizers Chun-Yen, Daniel and Cody!
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